It is proved on the basis of the axiomatic energy equation that the theoretical upper limit for the hydropower gained by a water wheel or turbine per unit width in a rectangular open channel cannot exceed g the gravity body force. As a dimensionless measure a coefficient of performance or harvesting factor is introduced which is an analogue to the one introduced by Albert Betz for wind turbines.
Introduction
In the context of limited fossil fuel reservoirs on our planet at the one hand and in the context of global warming caused by the combustion of those fuels on the other hand, there is an increasing demand to exploit renewable energy sources. It is expected by the U.S. Energy Information Administration (2009) that electric power gained from renewable energy sources will increase in the next two decades by 70% reaching a share of 11% of the 2030 energy mix. It is further assumed, that water and wind energy will up to then be the predominant renewable energy sources, whereas the exploration of larger unexploited hydropower sources will take place in Asia, South America, and Africa. In North America and Europe most of the larger (> 0.1…1 MW) waterpower sources have already been explored. It is believed at least in Europe that small waterpower sources (< 0.1…1 MW) will be worthwhile to explore in the future. But one has to be aware that the specific power installation costs are on average six times higher than the specific power installation costs for a wind turbine by comparable electricity production costs (Giesecke et al. 2009 ). To overcome this problem today several machine types from hydrostatic machines (water wheels) to hydrodynamic machines (water turbines) are again in the focus of research and development (Bassett 1989) , (Müller et al. 2007 ). This is historically interesting since there has been no research on water wheels after the Second World War for over half a century. Going further back to the year 1846 the statement made by Ferdinand Redtenbacher, who is considered to be the founder of scientific engineering in Germany, in the first two sentences in the preamble of his monograph on "Theorie und Bau der Wasserräder" (Rettenbacher 1846) reads:
"A work about water wheels with horizontal axis is today not up to date, since these wheels are, due to the rapidly increasing number of turbines, nearly considered to be antique. Nevertheless they are still useful machines which presumably will never be completely replaced by turbines even though they are not anymore so such important as they were a few years ago." From today"s point of view the argument for the success of turbines is due to their superior specific power volume and hence lower investment costs in comparison to hydrostatic water 2 wheels: for the same known head drop T H over the machine and known volume flow Q through the machine the typical length, i.e. outer diameter d of the turbine, is smaller than that of the hydrostatic acting water wheel. In contrast the rotational speed n of the turbine is higher in comparison to a hydrostatic machine, which is again favourable for an electrodynamic power generation. This relation was made clear in the year 1953 by Otto Cordier (1955) The task of this work is not to give a contribution on a specific design of a water wheel or turbine and to compare it with other solutions. This should be done by a physical, theoretical modelling of a specific machine design and would be followed by model tests and full scale validation tests or alternative applying up-scaling methods. This is the approach taken by Redtenbacher in 1846 (Redtenbach 1846), 60 years later by the first head of the authors chair Adolph Pfarr in the year 1906 (Pfarr 1912) who influenced the development of water turbines significantly and more recently by several research studies (Müller et al. 2007 ). The newer research work has always an empirical part and thus is only valid for a specific design, operating point and test set up. Instead the approach of the present paper is of a wider angle. The open question raised here is:
What is the maximum hydraulic power which can be transformed into mechanical energy by any possible machine in an open channel? (sketched in figure 1) . The answer of this question is of importance in three aspects: First of all different design solutions or operating conditions especially for small hydro power sources (< 1 MW) can be compared on an objective basis. This is important for a scientific discussion in comparing designs and operating conditions. When the machine type is not fixed, the hydraulic efficiency is at an early planning stage of only minor importance, which changes of course as soon as the principle type of the machine is known. Secondly, society, i.e. politicians and investors can decide on the basis of realistic upper bounds. It is our duty as scientists to give such a background. Thirdly and finally, the upper bound serves as a target to develop machines with reduced specific power installation costs.
Indeed the classic work of Albert Betz published in the year 1920 (Betz 1920) , (Betz 1959) , who gives such an upper bound for wind turbines, reduced the specific power installation costs by increasing the amount of power gained out of a wind turbine of given size. Typically for Betz he took a characteristically abstract look at the subject, which was a great talent of this researcher. From basic principles he was able to derive his famous 16/27=59.3% limit for the coefficient of performance or energy harvesting factor of a wind turbine. Since he got this result from basic principles, i.e. physical axioms, in a truly analytic manner it is justified to call it a proof. Betz clearly distinguished between hydraulic efficiency and harvesting factor as one has to do. Hydraulic efficiency is the ratio of the mechanical power T P gained at the shaft of the water wheel or turbine and the hydraulic power supplied to the machine H P , i.e.
The harvesting factor is the ratio of mechanical power to the available power avail P :
. Both quantities h and P C are dimensionless ratios of power. Only the first one is a measure of the dissipation due to viscous fluid friction. The second one is a measure of the amount of energy that cannot be converted into mechanical energy. Since there has to be a flow downstream of the machine (wind or water) this flow will transport energy which is greater than zero and is lost for energy conversion. This is the case even for a hydraulic efficiency of one for a hypothetically frictionless flow. Indeed there are other matters where it is suitable to define other ratios of power than the efficiency h . (Newmann 1977) or slender fish, whose propulsion efficiency was considered by Lighthill (1960) . At the beginning of the 19 th century the French engineer Sadi Carnot proved that only a fraction of the heat put into a system can be transferred into mechanical work done by the system. Hence the Carnot factor is always smaller than one. Indeed Carnot was one of the first who discovered the second law of thermodynamics by his work on steam engines.
In the literature on water wheels or turbines for small power (<.1…1 MW) only the efficiency is in focus but not the harvesting factor introduced here. In current research the water height and speed downstream of the machine is always assumed to be known (Müller et al. 2007 ). As stated above, if one looks at the machine as one module of the system this makes sense, when it is the task to determine the efficiency analytically, numerically or experimentally. For the specific power installation costs the coefficient of performance is most important. For the design of a water wheel or turbine especially for small power plant the ratio
The outline of this publication is as follows. Consecutive to this introduction, in the section "The energy equation for an open channel containing a hydraulic machine' the energy equation for an open channel including a hydraulic machine will be considered by starting from its most general form. The attempt is made to make each transformation and assumption as clear as possible. There is a need for this careful derivation, since the results from this section carry over to the conditions for maximum power transformation in the section "The condition for maximum power conversion and the theoretical upper limit for the mechanical power'. In the section "A hypothetical ideal machine defined as reference' an ideal but hypothetical machine is discussed which serves to define a suitable reference. The section "Comparison of hydro power machine in an open channel and a wind turbine' compares the findings of this work with the basic work of Betz on wind turbines. The paper will close with a critical discussion of the results in the section "Critical discussion and conclusion' and a list of references.
The energy equation for an open channel containing a hydraulic machine
Since the upper limit for the hydraulic energy which can be converted into mechanical energy per unit width and time T P is derived from the energy equation, it is worthwhile to recall this conservation law and apply it to the situation where an arbitrary machine is submitted to an incompressible, stationary volume flow Q with the average velocity h . There is a drop z  in ground level between the head and the tail water. Shaft S (figure 2) denotes the cross section of the shaft of the water wheel or turbine. In the context of hydraulic machines, Q  has not to be considered, i.e. the flow can be assumed to be adiabatic. For the flow through the turbine viscous stresses and hence viscous dissipation may occur. There is no restriction on the stress tensor! For flow without heat conduction only the viscous stresses accounts for the change of internal energy per unit mass e  (denoted û  in (White 2001) ) in the energy equation. This change is in the adiabatic case proportional to the temperature difference T  between 1 and 2, since water can be considered as calorically ideal:
with the specific heat of water c . It is assumed, that the machine is operating at a stationary point. Hence every partial time derivative vanishes at least in the average over one cycle time n / 1 . Finally at the positions 1 and 2 and only there the flow is assumed to be in the time average unidirectional. Hence the normal component of the viscous stress tensor vanishes at these positions. If there is a velocity profile ũ and temperature profile c e T /  (internal energy per unit mass ẽ ) at positions 1 and 2, it is necessary to introduce a velocity profile factor and an averaged internal energy or temperature in the sense ( 1) to be used in the energy equation. Applying Reynolds" transport theorem (Spurk et al. 2008) , (White 2001 ) using the control volume V shown in figure 2 the energy equation
K  is the change of the kinetic energy of the fluid body; E  is the change of internal energy of the fluid body; and P is the work done by surface and body forces on the fluid; becomes
The work done by the surface and volume forces on the fluid has three additive contributions (right side of equation (2)). Firstly the work done by the stress vector   on the turbine or water wheel is the mechanical power gained at the shaft by the water wheel or turbine. This is the quantity for which a theoretical upper bound is given in this work:
The minus sign was introduced for convenience, as a result , where const z  is constant and y denotes the channel coordinate (see figure 2 ) the volume integral is transformed into a surface integral using Gauss" theorem:
(4) is valid either for a constant density flow or for a stationary flows in an time averaged sense, since only for those two cases
, which is due to the continuity equation equal to
Third of all the work done per unit time of the stress vector at the inlet surface 1 and the outlet surface 2 plus the work per unit time by the gravitational force g  on the fluid body within the volume (equation (4)) yields for a unidirectional flow and hence a hydrostatic pressure
at the positions 1 and 2
Multiplying the energy equation (2) by minus one and using equations (3) to (5) yields 
With the abbreviations specific energy (7) can be written in the easy to remember form
Equations (8), (9) are still the same energy equation
in its integral form. The hydraulic efficiency is a measure for the dissipation L h as stated above. Rearrangement of the two equations (8) and (9) gives 2 1 1 2
The last equality is worthwhile to mention, since it is the basis for a very simple method to determine the hydraulic efficiency by measuring the temperature difference. But one has to be aware that 2 , 1
T are averaged temperatures by the definition (1). By not taking the temperature distribution into account may lead to a wrong hydraulic efficiency. In addition the measurable temperature differences are rather small due to the high specific heat c of water.
The energy equation in the forms (8), (9), (10) is still in the integral form und should not be mismatched with Bernoulli"s equation. Again the only assumptions made are unidirectional flow at positions 1 and 2, incompressibility and stationary flow in the time average over one period time n / 1 . At no point in the derivation has it been necessary to assume that the fluid is frictionless.
The condition for maximum power conversion and the theoretical upper limit for the mechanical power Employing equation (10) a theoretical upper limit for the mechanical power is derived in this section, by looking at the flow rate per unit width in the tail water ) /( 2 2 bh Q q  and the water depth 2 h in the rectangular channel of the tail water. Hence, the mechanical energy gained per unit time is
in which the identity 
and the optimal water depth in the tail water
From equation (13) and (14) it follows that at the optimum point the water depth is critical, i.e. the Froude number
is equal to one. For the optimum point, the mechanical power approaches its theoretical upper limit given by
(For clarity, the kinetic energy flux correction factor  is set in the following equal to one, which is the technical important limiting case for turbulent flow). The result (15) written as head drop due to the machine is 
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The optimal flow through the machine is sketched in Figure 3 . To compare different machine designs and operating points it is worthwhile to plot equation (11) 
can be transformed into mechanical power. This quantity is taken to be the available power. One has to point out, that the available power is a defined quantity, which is to some extent arbitrary. But it serves as a good measure of T P given by equation (11). Hence the ratio of the gainable power ) , (
to the available power is called coefficient of performance or harvesting factor P C and is defined as
Thus equation (11) can be written in the equivalent dimensionless form
(As it is well known, a group of dimensionless products is never unique (Spurk 1992) . Thus instead of  h and  q as independent variables it is also possible to use for example  q and 
at which the theoretical upper limit for the harvesting factor or coefficient of performance is given by
This means theoretically that even for a hydraulic efficiency of 100% only one half of the hypothetically available power can be transformed into mechanical energy for a realistic device.
There is a restriction to be mentioned in the h-q-plane of figure 4 due to a possible critical condition of the head water channel flow. The case discussed here is the following: Suppose the channel width in the head water is by the ratio  smaller (or greater) in comparison to the channel width in the tail water (see figure 1) . Fr ) remains independent. This special case was treated by Müller et al. (2007) . They concluded, that the best machine performance is reached for 1 2  Fr , which agrees with the more general approach of this work. The applicability of the h-q-plane will be discussed in the section "Critical discussion and conclusion' where published machine data will be discussed.
A hypothetical ideal machine defined as reference
In this section a suitable reference power is sought. To gain this power the best machine one can think of has to be considered in a thought experiment. From a scientific point of view this approach is reasonable and done by Albert Betz in a similar manner (the Turing machine as a thought experiment invented by Alan Turing in 1948 can serve as a further example of the success of such an approach). An ideal but hypothetical hydraulic machine can be thought of having no tail water, i.e. 0 2  h . This is realised theoretically by a downstream moving blade which is sketched in figure 5 . 
The plot of equation (25) in figure 5 shows the discussed behaviour.
Comparison of hydro power machine in an open channel and a wind turbine
For a wind turbine the available energy per unit time is given by a hypothetical wind turbine of cross-sectional area A which does not decelerate the flow. Hence for a wind turbine the available energy per unit time is given by A u P 3 1 avail 2 /   (see also table 1). This wind power is defined as a reference for the mechanical power. As Betz (1920) indeed proved by strictly analytical transformations from the conservation laws only the fraction 16/27=59.3% of this energy can be converted into mechanical energy. This optimum is reached when the wind is decelerated to 3 / 1 of its speed upstream of the wind turbine and to 3 / 2 in the plane of the wind turbine. This classical result is today used for the optimal design of wind turbines. h , i.e. by 17% reduced from the best operating point of the machine, but more important is that at this point 31% of the available power is used. Hence even though the efficiency is lower the power output is increased by nearly the same factor and the most important specific power installation costs will be reduced to one third. Hence it is 13 worthwhile, to look first on the h-q-plane and the coefficient of performance. The efficiency is only of minor importance in the considered context. One objective could be, that hydro power plants are controlled in such a way that at the one hand the flow rate Q is the control variable in the control loop to ensure required water level. When the water level is not the main issue, the power T P which is supplied to the power grid is usually the dominant control variable. For small hydro power plants the last one is usually not the control variable, since the power plant has to work at its best point max p
C
. To ensure a flow rate opt Q Q  might indeed by a restriction from an ecological point of view. Any water plant in principle reduces the volume flow and hence this discussion is similar for any hydro plant. Even though this issue is not discussed here one has to be aware that it is indeed important for the ecosystem of small streams.
In conclusion:
 In the context of water power a new dimensionless quantity called harvesting factor or coefficient of performance is introduced. It is defined as the ratio of gained mechanical power gained to the available hydraulic power.
 It is proved on the basis of the energy equation that the harvesting factor for a rectangular channel has the upper limit of ½, i.e. even for an ideal machine one half of the available hydraulic energy remains unused and is washed down the tail water.
 In general there are two independent dimensionless products which describe the tail water flow: the dimensionless water depth or Froude number and dimensionless flow rate.
 The optimal tail water flow is critical, the optimal flow rate is a function of the effective water depth.
 The h-q-plane and the associated harvesting factor might serve to compare different machines and/or operating points on an objective basis. In an example it is shown, that the hydraulic efficiency is only of secondary importance in comparing machines.
